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Abstract

The new event generator TWOPEG for the channel ep — €'p'ntn~ ig developed. It uses
the advanced method of event generation with weights and employs the five-fold differential
structure functions from the recent versions of the JM model fit to all results on the charged
double pion photo- and electroproduction cross sections from CLAS (both the published
and preliminary). In the areas covered by CLAS data, TWOPEG successfully reproduces
the available integrated and single-differential double pion cross sections. To estimate the
cross sections in the regions not covered with data special extrapolation procedure is ap-
plied. The EG covers kinematical area in Q* starting from 0.0005 GeV? and in W from the
reaction threshold up to 4.5 GeV. TWOPEG allows to obtain the cross section values from
the generated distributions and simulates radiative effects. The link to the code is provided.
TWOPEG was already used in the CLAS data analyses and PAC proposal preparation and
will be used during the CLAS12 era.
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Chapter 1

Introduction

The GENEV event generator (EG) for double pion electroproduction has been used for
many years for the experimental data analysis. ThatEG had rather complicated FORTRAN
code, and several limitations that prevent its further use during the CLAS12 era. It was based
on the differential cross sections from the older JM05 version of the JM model [1], [2], [3],
which is the reaction model for double pion electroproduction. During the past several years
this model has been further developed and significantly improved [4], [5], [6]. Furthermore,
the GENEV was only applicable up to W ~ 2 GeV and ? > 0.3 GeV?, which excludes most
of the region that will be under investigation with CLAS12 detector, namely high W and
low Q? (if forward tagger is in use). All these reasons have led to the need to develop new
two pion electroproduction EG TWOPEG, which is the subject of this note.

Sect [2] briefly describes the kinematics of double pion electroproduction off the proton
and gives an overview of some details of the experimental cross sections extraction and their
subsequent analysis with the reaction model.

TWOPEG uses the method of generation with weights. It means that the EG generates
phase space distributions and applies the value of the seven-differential double pion cross
section as a weight fex each event. This method allows for a significantly faster generation
process, especially in the areas with-sharp cross section dependencies. All the details of the
generation process and obtaining of the final particles four-momenta in the lab frame are
given in Sect. [3]

TWOPEG employs the five-fold differential structure functions from the recent versions
of the JM model fit to all results on the charged double pion photo- and electroproduction
cross sections from CLAS (both the published and preliminary data [7], [8], [9]). In the
areas covered by CLAS data, TWOPEG successfully reproduces the available integrated and
single-differential double pion cross sections. The quality of the description is illustrated in
Sect. [0, where the EG distributions are compared with the available data.

In order to extend the EG to areas not covered by the existing CLAS data, a special
extrapolation procedures werg applied that included additional awvailable world data on the
W dependencies of the integrated double pion photoproduction cross sections [10], [IT]. The
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new approach allows for the generation of double pion events at extremely low Q? (starting
from 0.0005 GeV?) and high W (up to 4.5 GeV). The-details of weight evaluation are given
in Sect. [l

TWOPEG also makes it possible to obtain the cross section values from the generated
distributions. It is helpful to obtain the model cross section value at any point of the regions
covered wdth experiment and also to predict it in the uncovered areas. Secty[f] contains the
details of the unfolding procedure.

The EG also simulates the radiative effects according to the approach [12]. Sects [7]
describes the method of calculating the radiative cross section from the nonradiative one,
as well as the method efgenerationof the energy of the radiated photon, which is used for
estimation-of the shift in W and Q? caused by the radiative effects.

Besides;—Seet; [§] contains the description of the format of input and output files, as well
as a short tutorial how to run the code.

The final Sect4[9] contains the link to the repository, where the TWOPEG code is located
and also links to the analyses and proposals, for which the EG was used.
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Chapter 2

Double Bion Electroproduction off the
Proton

2.1 Differential cross sections and kinematical variables
in the experimental data analysis

Figure 2.1: The process of charged double pion electroproduction off proton.

The process of charged double pion electroproduction off the free proton is schematically
shown in Fig. 2.1 The cross section of this exclusive reaction is seven-differential and in
the one photon exchange approximation is connected with the virtual photoproduction cross
section via so-called virtual photon flux I',:
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d o o
- ¢ -7, 2.1
AW dQ*d>r dd>t’ (2.1)

75 where W = /(P, + P,,)? =is the invariant mass of the final hadron system, Q* = —(P,,)?
76— the photon virtuality, P,, = P, — P» = the four-momentum of the virtual photon, P; - the
77 four-momentum of the particle i, d°7 —is the differential of the five independent variables of
7 the final 7t 7~ p state.

70 Mirtual photon flux I, in Eq. (2.1)) is given by:

o 1 W(W2 — mg)

r,(W,Q%* = — , 2.2
(W.Q7) Ar B pem (1 —e7)Q? (2:2)
80 where « is the fine structure constant (1/137), m,, is the proton mass, Epeqy, s the energy

sr of the incoming electron beam, and e is the yirtual photon transverse-polarization, given by

er = (1 + 2 <1 + 5—22) tan® (%))_1 : (2.3)

82 where v = Fyen — Feor. Eo and 0. are the energy of the scattered electron and its polar
s angle in the lab frame, respectively.

0

8 The conventional choice of five independent variables of the hadron final state is the
s following:

"]

8 e invariant mass of the first pair of the particles Miy;
87 e invariant mass of the second pair of the particles Moas;

8 e the first particle solid angle Q = (6, ¢) (see Fig.2.2);

89 e the angle a between two planes: one of them (plane A) is defined by the three-momenta
% of the virtual photon (or initial proton) and the first final hadron, the second plane
o (plane B) is defined by the three-momenta of all final hadrons (it-s shown in Fig. [2.3
% for the case when 7~ is chosen as the first particle).

03 These final hadron variables are defined in the center-of-mass frame of the virtual photon

a  — initial proton system.

o In the experimental data analysis the cross sections are usually obtained in three sets of
o variables depending on various assignments for the first, second, and third final hadrons:

o 1. 1st —p’, 2nd —wt, 3rd — 77 Mya+, Moo=, Oy, Op, Qppynta-) (OF 0p);

o8 2. 1st — 7, 2nd — 7", 3rd — p's My, Myty, On—, On, Qpm—yprat) (OF Q- );

A

6
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Figure 2.2: Polar (0,-) and azimuthal (¢,-) angles of 7~ in the c.m. frame.

Figure 2.3: Definition of the angle a,- between two planes: the plane B is defined by the three-
momenta of all final hadrons, while the plane A geﬁned by the three-momenta of 7~ and initial
proton. The definitions of auxiliary vectors 3, 4, § are given in Appendix
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Limited statistics of the experimental data does not allow to estimate the five-differential
cross section with reasonable accuracy. Therefore, the five-differential hadronic cross sections
obtained in each bin in W and @Q? are integrated in order to obtain the single-differential
cross sections.

The following set of the single-differential cross sections are usually obtained for the second
set of variables:

do d’o
YA / 0T, 4 driy = dMyrydQ-dag
do o
dM. +p B / dsT dT]A\LLT-rpi dT;\lLr*p = dMrr- dQ”_daﬂl ( )
' 2.4
do o
d(—cos0-) / dT" ; dTgﬂ_ =AM+ - d Mt pdpr—do—
d
. /_dTa ~3 dTéﬂ, = dMz+n-d M+ pdSlr—

with d°7 = dMt - dM s+, dQ-dov,-.

For the two other sets of variables the single-differential cross sections can be obtained in
In the actual cross section calculations the integrals in Eq. (2.4) are substituted by re-
spective sums over the fiverdimensional kinematical grid of hadronic cross sections.

2.2 Differential cross sections in the model analysis

After the cross sections werg extracted experimentally they are analyzed with the reaction
model with the final goal of extractien resonance electrocouplings and revealing and estab-
lishing contributions from different reaction subchannels.

The phenomenological reaction model, which is used for analyzing double pion cross
sections, is go-called JM (”JLab-Moscow State University”) model [4] 5 [6]. The model cross
section parameterized in terms of reaction amplitudes isusedtofit the experimental single-
differential cross sections; free model parameters-are-determinedfrem-thisfit. In this way
for each bin in W and Q? the model ean produce, the five-differential hadronic cross section
that can be suitably used in the EG development.

Let’s briefly sketch the framework in which the JM model operates.

For the case when jncident electron beam is unpolarized the virtual photoproduction cross
section in Eq. (2.1)) can be decomposed in the following way (see [13] for details):
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(2.5)

where €, = g—jaT, er is defined by Eq. (2.3), v is the energy of the virtual photon in the
lab frame.

The functions or, or,, orr, 0%, 071, 0/ are known as the structure functions of exclusive
meson production. They depend on the variables W, Q% and all of the kinematic variables of
the final state, with the exception of the angle . The ¢ dependence is factorized explicitly
in the factors cos 2y, sin2¢p, cos g and sin . H—meansthat any structure function, which
is differential in ¢, differs from the same function, which if not differential in ¢, only by the
integral factor 2.

If the cross section given by Eq. (2.5)) is integrated over the angle ¢, only the first (trans-
verse) and second (longitudinal) terms remain.

The functions o/ and o7.; deserve a special attention: they appear in the case of three-
hadron final state (77~ p)—Besides—these-structurefunctions vanish upon integrating over
the angle a.

It also needs to be mentioned that the differential cross section in Eq. (2.5) depends on
the beam energy, while the structure functions do not — the dependence on the beam energy
is incorporated into the coefficients in front of them.

In the limit Q? — 0 that corresponds to the real photoproduction scenario, the coefficients
in front of the structure functions force them to vanish, leading o7 to be the only remaining
term.

As a result of experimental cross section fitting the JM model can produce all structure
functions from Eq. (2.5)) in the five-dimensional sense. The EG described below is based on
these model structure functions.

For the purpose of the EG-development, model structure functions were produced for the
second set of variables (7~ is assumed as the first particle) for those (W, Q?) points, where
the experimental cross sections are available (see Sect. [ for detail). These structure functions
are differential in (S}2, So3, (—c0s0-), Pr—, ap-), where S1o = MZ, and Sa3 = M2,.
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. Chapter 3

» T'he generation procedure

= 3.1 Generation with weights

12 For this EG the method of generation with weights is used. It means that instead of forcing
153 the number of generated events in particular kinematical point to be proportional to the cross
15« section value at this point, the number of generated events is maintained the same everywhere,
155 while each event acquires the individual weight that is equal to that cross section value. In
156 this way the generated events still reproduce the realistic cross section shape if they are
157 summed up with weights.

158 The weight for each event is calculated based on the model structure functions in the
s (W, @Q?) regions, where experimental data exists. In other areas, where there-is no exper-
1o imental data, the weight is estimated based on the special procedure of interpolation and
161 extrapolation of the structure functions from the areas covered with data (see Sect. |4] for
162 detaiD.

163 As it is mentioned in Sect. [2.2]the model structure functions are differential in the following
16« kinematical variables (S12, So3, (—c080:-), pr-, ) and given for different (W, Q%) points
15 for the variable set, where 7~ is assumed to be the first particle. I forces us to use this
16 framework for the event generation.

167 Below all subscript indices 1, 2, 3 correspond to the final hadron numbering, which is in
s the second set of variables the following: 1st —7~, 2nd —«", 3rd —p’. The subscript index
160 h corresponds to hadron and in the second set of variables it is 7.

170 For each event the values of all kinematical variables W, Q?, Sia, Sas, costy, ¢n, oy, are
i generated randomly E] according to the double pion production phase space. H means that:

f you use ROOT functions, it is convenient to use random number generator class TRandom3;
TRandom3 rndm_name(Ulnt_t(((float) rand() / (float)(RAND_MAX))*4000000000.));
Var =rndm_name.Uniform(var_min,var_max);
It is convenient to use separate random generators for each variable that needs to be generated randomly. I
is essential because if the same random generator is used for all variables the generation constrains discusse@
in items one and two may disturb the randomnicity of the generation for some variables.

10
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Figure 3.1: Generated flat Q2 s W distribution for the-ease-of Epeqm = 6 GeV. Left plot — lego2
option, right plot — colz option.

172 1. W and @Q? are generated flat in two-dimensional sense within the limits (Wnins Winaz),
173 [Q% i, @2%.0), Which are among the input parameters. Figz shows an example of
174 Q% ¥s W distribution. The triangle-like shape of this distribution is the consequence of
175 the following constrain: v < Fpegm — Emin, Where Epeqp, is the energy of the incoming
176 electron beam and FE,,;, is the minimal energy of the scattered electron, respectively
177 (both of them are defined in the lab frame and given as input parameters). This con-
178 dition forces the energy of the virtual photon in the lab frame (v) to have a reasonable
179 valuq

180 2. Sip and Spy are generated flat in two-dimensional sense within the limits [(m; +
181 ma)%, (W — mg3)?], [(mg + m3)?, (W — my)?], where W is the W-value generated in
182 the previous step, my, my and ms are the masses of the first, second and third hadron,
183 respectively. Fige shows an example of S s Sio distribution. The shape of this
184 distribution is determined by the condition B(Sa, So3, W2, m3, m?, m3) < 0, where
185 B(z,y,z,u,v,w) is the Byckling function that is defined in the following way [14]:

B(l‘,y, Z,U,’U,’Uj) :$2y+$y2 + Z2U+ ZU2 +'U2'UJ +’U’LU2—|—
rzw + xuv + yzu + yuw — xy(z + u + v+ w)— (3.1)
2u(r+y+v+w) —vw(@x+y+z+u);

186 3. cosB, is generated flat in pne-dimensional sense in the limits [—1, 1]
187 4. angles oy, and «y, are generated flat in pne-dimensional sense in the limits [0, 27|
188 Note that those variables must be generated flat in which the model cross section is

189 differential. It is essential for the correct weight propagation.

@

190 All generated variables listed above are assumed to be defined in the CMS.

11
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Figure 3.2: Generated phase space Sa3 ¥ Si2 distribution for the-case-of W = 2.5 GeV. Left plot
— lego2 option, right plot — colz option.

Besides, the azimuthal angle of the scattered electron in the lab frame . and its z-vertex

Z are generated flat in pne-dimensional sense in the limits [0, 27] and [Zfafﬁ; Liarg/2 Z%J;+

Liarg/2], respectively, where meTJ; and Lyq-, are among the input parameters.

It also needs to be mentioned that if one uses ghe weighted EG for the purpose of efficiency
evaluation, the statistical uncertainty of the efficiency must be calculated in a slightly different
manner compariag to the unweighted case. The proper way pf uncertainty ealeulation is
discussed in thisref. [15].

3.2 Obtaining particle four-momenta in the lab frame

The final goal of the generation process is thefollowing:r using the generated values of all
kinematical variables described in the previous section; obtain the four-momenta of all final
particles in the lab frame. All frame-dependent kinematical variables (angles) are assumed
to be generated in the CMS.

The lab frame corresponds to the system, where the target proton is at rest and the axis
orientation is the following: Z,, — along the beam, Y, — up, Xiw — perpendicular to the
Y Z-plane.

For the scattered electron the task is rather straightforward. Its four-momentum can be
calculated in the lab frame in this way;

12
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W24+ Q? — mf,
B 2m,,
Eo = Eveam — v

o (3.2)
0, =acos |1 — ———
2EbeamEe’
P’ = (Eu5infucospe, By sindysinge, Bwcosbe, E),
208
200 where v is the virtual photon energy in the lab frame, m, is the target proton mass,

210 Fpeam is the incident electron beam energy, which is among the input parameters, /.- and 6./
o are the scattered electron energy and polar angle, respectively, W, Q% and ./ are generated
> invariant mass of the final hadron system, photon virtuality, and azimuthal angle of the
3 scattered electron, respectively.

2

—~

2

=

214 For the final hadrons the task is significantly more complicated. To define their four-
215 momenta in the lab frame E| the following steps should be completed E‘}

216 1. One should start with the-calculating gf final hadron energies (£}, Es, E3) and the mag-

217 nitudes of their three-momenta (P;"*,P;"*, P;"* ) in the CMS, since these variables
218 do not depend on the axis orientation:
W2 + m% — 523
E, = TG . P" = \/E? —m2
W2 + m% — 513
By= g B =B, (33)
W2 + m§ — 812
Es = 2W , Py =\/E§ —mj,
210 where my, mq, mg are the masses of the first, second, and third hadrons, respectively,
220 S12, Sog, Si3 are the invariant masses squared of the corresponding hadron pairs.
21 2. To define the final hadron four-momenta completely one needs to calculate their spa-
22 tial angles for some arbitrary coordinate system. For that purpose one chooses the
23 coordinate system, which is denoted CMS’ and shown in Fig. [3.3 The plane A is the
224 plane, where the initial proton, virtual photon, and the first hadron are located, B is
25 the plane, where all final hadrons are situated (the same planes A and B are shown
226 in Fig. [2.3)). This auxiliary coordinate system has the following axis orientation: Z’
27 — along the first hadrony X’ = perpendicular to Z’ and situated in the plane A. It
228 is convenient to choose this systemAbecause in it azimuthal angles of remaining final

2The calculation of hadron four-momenta in the lab frame is coded in subroutine anti_rot in the file
anti_rot.cxx.

3In all derivations the energy is assumed to be the last component of the four-momentum and the four-
momentum to be a row vector.
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hadrons (2 and ¢3) are equal to (or differ by 7 from) the generated angle ay, which
is defined as the angle between the planes A and B (see Sect. for detail).

In the CMS’ shown in Fig. [3.3] the polar and azimuthal angles of all final hadrons can
be s . :

th =0, 9012%7

0. — acos m% + m% + 2E1E2 - 512 0y =
2 WE-mE-m3 ) T

0. — acos m%+m§+2E1E3—513 05 =
’ WE-miE-—m )

(3.4)

/
2 = ’
A _ |
s |
|
|
n |
T |

P P _/I___
- 2_ - - - ~
-~ /99 > P
- > ) /]
\ /
| [ xr
\ |
\ |
\ |
\ |
/
\--
-~
-
-

Figure 3.3: Auxiliary frame CMS’ with the following axis orientation: Z’ = along the first hadrong
X' = perpendicular to Z’ and situated in the plane A. The plane A is the plane, where the initial
proton, virtual photon, and the first hadron are located, B is the plane, where all final hadrons are
situated (the same planes A and B are shown in Fig. .

The spatial angles defined by Eq. (3.4) together with the energies and momentum
magnitudes defined by Eq. (3.3]) define completely the four-momenta of final hadrons
in the auxiliary frame CMS'.

3. Once the four-momenta of the final hadrons are defined in the auxiliary coordinate
system CMS’ shown in Fig.|3.3] one can transform them into the coordinate system with
the usual CMS-axis-orientation; Z.,s = along the virtual photon, X,,,; — in glectron
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scattering plane (e, e’), Yons = perpendicular to the X Z-plane. For that purpose two
eonsequent rotations should be made.

Firstly Z’-axis of the auxiliary system in Fig. is rotated with the generated angle
0), in the plane A to set Z’-axis along the virtual photon. This rotation transforms the
four-momentum as P’ = P - Ry, with

cost, 0 —sinf, O
0 1 0 0

Fp = sind, 0 cosf, 0|% (3.5)
0 0 0 1

After this rotation X'-axis is still in the plane A.

Then one should rotate X'-axis with the generated angle ¢}, in X'Y’-plane (around Z’-
axis) to get-X'-axis go-bedn (e, e’)-plane. This rotation transforms the four-momentum
as P" = P'- R,, with

cospp  sinpp, 0 0

| —stnpy cospp, 00
R, = 0 0 1 ol= (3.6)

0 0 01

After that the final hadron four-momenta are defined in the CMS with the usual axis
orientation.

4. Now one can perform the boost from the CMS to the lab’ frame. The prime means

that although the proton is at rest in this system, the axis orientation is still like in the
CMS. The boost is given by theformula P” = P" - Ry,st, With

0 0 0
100 g VR 57)
0 v 6]’ v+ m, a7y /1— 32 '

0 8 v

where v is the energy of the virtual photon in the lab frame, which is defined in Eq. (3.2]),
£ is the magnitude and z-component of the three-vector 3 = (0,0, /).

Rboost =

o O O

After the boost the four-momenta of the final hadrons are defined in the lab’ frame,
which has the CMS-like axis orientation.

. The only thing left is to rotate the coordinate axes into the usual lab frame axis orien-

tation.

For that purpose firstly ene should define in the lab frame the vectors ﬁ”;}b and ﬁnjb,

which are the unit vectors along the scattered electron and virtual photon, respectively.
The spatial angles of the scattered electron and virtual photon are shown in Fig. [3.4]

4 Note: if you use ROOT function .Boost the positive sign should be assigned to the z-component of
B-vector; .Boost(0,0,5).
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Figure 3.4: Virtual photon and scattered electron angles # and ¢ in the lab frame.

— — —
Wle‘,’b = $inbecospe 1 + sinbysinpy j + cosbe k| (3.8)
262 where 9i> is defined in Eq. (3.2) and ¢ is the generated randomly value (see Sect. [3.1]),
- =
263 1, j, k are the unit vectors along the x, y, 2z axes of the lab system, respectively.
0 Q2 + 2Ebeam7/
= acos
! 2Ebeam V Q2 + V2
Yo+, if o < (3.9)
Py = .
Yo — T,y of Qo >
— — —
ﬁfy“b = sinbycosp, i + sinb,sing, j + cosb., k
264 The idea of the coordinate system transformation is thefollowing: the unit axis-vectors
265 W, V', W of the system lab’ should be written in the lab system:

W = ﬁ”jb = sinfl,cosp, 1 + sinb,singp, j + cosb, k

7 -
= — [plab o Trlaby — | _— (3.10)
= [1" x 1 "] = | sinf,cosp.,  sinb,sinp., cosb, :

51N cosper SiNbBesinpe  cosl

= [V x T
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266 The four-momenta are transformed as P"" = P" - R EL with

Uy Uy uy O
v vy, v, O
Ry = w, w, w, 0% (3.11)
0 0 0 1
267 After all steps are completed the four-momenta of the final hadrons are written in the lab

68 [rame.

5Using embedded ROOT functions, this transformation can be coded via Euler angles in the following
wayz
TRotation rot;
rot.SetXEulerAngles(atan2 (u.,v;) , acos (w.) , atan2 (wy, —wy));
P.Transform(rot);
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Chapter 4

Obtaining the weights

4.1 Data used to obtain the weights

The following sets of data were included into the EGz

1. Electroproduction data:

(a) CLAS data at Epeqm = 2.445 GeV, Epeam = 4 GeV [1], [6];
(b) CLAS data at Epeqn = 1.515 GeV [§], [4], [5].

2. Photoproduction data:

(a) CLAS glla data [9];
(b) SAPHIR & ABBHM data on integral cross sections [10], [11].

Single-differential electroproduction cross sections la [7] and 1b [§] were fit with the JM
model [6],[4],[5], therefore all structure functions in Eq. (2.5 obtained in this fit in five-
dimensional sense are used in the EG.

Single-differential photoproduction cross sections 2a [9] were also fit with JM model that
leads to the fact that at photon point op is also available from the fit in five-dimensional
sense. It is not the case for data-set 2b [10], for which only integral values of experimental
cross section are available for different W bins.

Fige shows which W — Q? areas are covered with these data, The areas within red
and lilac boundaries correspond to the electroproduction data la and 1b, respectively. The
green and cyan lines along the horizontal W-axis correspond to the photoproduction data
2a and 2b, respectively. As it is seen in Fig. information about double pion production
cross section exists jn very limited regions, while the major part of the W — @? plane lacks
of this information. In these areas, where information about double pion production cross
section does not exist special interpolation and extrapolation procedures gwere developed and
applied in order to obtain reasonable cross section estimatien (see Sect. . The brown line
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at Q% = 1.3 GeV? corresponds to the area for which the cross section was roughly estimated
from the JM model in five-dimensional sense without relying on experimental data. It was
done in order to extend the W — Q? coverage of ghe-EG further to the region of higher
W-values, where no experimental data exists up to now.

QQ,GeVQA f
VIII
1.25
1.00 VI la
0.75 1 v ™
’ v Vv
0.50 !
1b 11
0.25 — .
2b 2a
| ]
1.4 1.6 1.8 2.0 2.2 2.4 W, GeV

Figure 4.1: W —Q? coverage of ghe EG. The areas within red and lilac boundaries correspond to the
electroproduction data la and 1b, respectively. The green and cyan lines along the horizontal W-
axis correspond to the photoproduction data 2a and 2b, respectively. The brown line at Q? = 1.3
GeV? corresponds to the area for which the cross section was roughly estimated from the JM
model in five-dimensional sense without relying on experimental data. The plue arrows indicate the
extension to the higher W and Q2.

4.2 Calculation of weights

As it was mentioned in the previous section the single-fold differential cross sections from the
data-sets la, 1b and 2a were fit with the JM model, and as a result all structure functions
from Eq. are available in five-dimensional sense (from the photoproduction data-set
2a only or exists). Tab; shows the kinematical grid [[| gn which the model structure
functions were obtained.

To calculate the weight f.. seer (see Eq. (4.7))), means to estimate the value of the five-
differential hadronic double pion cross section in the given 7B kinematical point (W, Q?, Sia,

Note that although the model cross section is differential in (—cosf},), the grid that is equidistant in 6,
is used.
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Data | Q2 values, | # of W | # of Sio | # of Soz | # of 0 | # of ay, | # of ¢y,
set GeV? points points points points points points
0.65 17
la 0.95 17 12 12 6 § 1
1.30 28
0.225 4
0.275 11
0.325 10
1b 0.425 9 10 10 8 8 1
0.475 8
0.525 8
0.575 6
2a 0. 30 16 16 14 14 1

Table 4.1: Kinematical gridzen which the model structure functions are obtained.

So93, Ony ©n, @p). It in turn means that all structure functions from Eq. (2.5) need to be
estimated in that point. The procedure of interpolation and extrapolation of the model
structure functions into the desired point is described pelew.

Firstlyfor each (W, Q?) point, where model structure functions are available, the four-
dimensional linear interpolation is done between the points of the (Si2, Sa3, 05, o) grid. Then
for the electroproduction data the two-dimensional linear interpolation is done between the
points of the (W, Q?) grid, while for the photoproduction data one-dimensional linear -
interpolation is done. As a result one can get the values of the structure functions jn any
arbitrary point located in the inner areas within red and lilac boundaries and along the green

ling in Fig. [4.1]
1. Aso-the two-dimensional linear (W, Q?) interpolation is performed between the regions
la and 1b for 1.4 < W < 1.6 GeV.

In pther regions (colored by pink in Fig. u 4.1l and numbered by roman numerals) in-order
te—es&mat%th%i&es—ef—th&stmet&ﬁ%ﬁ&net&ens—the special procedures should be applied.

II. Let’s consider the region 1.6 < W < 1.825 GeV and 0 < Q? < 0.65 GeV?. For
Q? = 0.65 GeV? the full set of five-dimensional structure functions are available from the
model analysis of data-set la. For the photon point only o is available from the model
analysis of data-set 2a. In order to estimate the value of all structure functions in any point
of this region thg procedure, which contains the following steps was developedy

o Eirstly the integral values of model structure function o in three Q* points (0, 0.65,
and 0.95 GeV?) were fit with the following function for each W point individually:

FT(Q2) = Qo (Q2 + al)a2 + as, (41)
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328 where ag, a1, ag and agz are free fit parameters.

329 The result of this fit for W = 1.7125 GeV is shown in Fig. (left side). The black
330 points are the integrated values of model structure function opq the red curve is the fit
31 function Fr(Q?).

332 Now, the five-differential structure function o7 can be scaled from the edge O points
333 to any arbitrary Q2 point along the obtained % dependence. But since o exists in
334 five-dimensional sense at both boundaries (Q* = 0.65 GeV? and Q* = 0 GeV?)-g
335 can be scaled from both sides. To avoid the loss of information about the evolution
336 of the differential cross section shape with Q% it was decided to mix these two scaled
337 ax at each @? point. Thus the differential structure function e in arbitrary point

338 0 < Q% < 0.65 GeV? is given by the-following-expression:

d°o 2 o Fr(Q? 0.65 — Q? d°c Fr(Q?
A>T " 0.65 &1 Fr(0.65) 0.65  d°7 Fr(0)
330 The first term corresponds to the value of o7, which is scaled from the Q? = 0.65 GeV?
340 edge, while the second one = from the Q% = 0 GeV? edge. The first fraction in each
341 term corresponds to the mixing coefficient, which force the term to masxdimallyrise at
342 its own edge and to completely vanish at the opposite edge. The last fraction in each
343 term corresponds to the integral scaling. All numerical values in Eq. (4.2)) are given in
344 GGVQ.
S ol f; A
37
40+
27
17
20~
0 02 04 06 08 1 0 02 04 06 08 1
Q* (GeV?) Q* (GeV?)

Figure 4.2: Left side: fit of the integrated values of model structure function o7 (black points) with
the function given by Eq. for the W = 1.7125 GeV. The red curve corresponds to the function
Pr(Q?), which is the fit result. Right side: fit of the ;0 with the second order polynom, for the
W = 1.7125 GeV. The values of €, are calculated for the beam energy 2.445 GeV, with which the
experiment 1a was-dene, The red curve corresponds to the function Fy(Q?), which is the fit result.

s e For the structure function oy the situation is more complicated, since no information
346 about it exists im the photon point and for this reason one can net perform the fit
347 deser-l-bed—m—t-h%p%eu}eﬁs—step as-wellas the cross section mixing, T—hepefeiceithe proce-
348 dure should be modified. The modification is made based on the fact that although the
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information about g behavior close to the photon point is unknown, the combination
eror, must definitely vanish at Q? = 0 GeV?. Therefore the values of the combination
oy in phree Q? points (0, 0.65 and 0.95 GeV?) were fit with the second order polynom,
The result of this fit for W = 1.7125 GeV is shown in Fig. [4.2 (right side). The black
points are the values of 0, where o, is the integrated model structure function and

ey, is defined in Eq. (2.5). The red curve is the result, ef-the fit, F7,(Q?).

Figy [.3] shows the event distributions of the-EG, which are obtained based on this
approach. Left plot shows the Q* dependence of the integral quantities o7 (blue curve),
eror, (green curve) and op +¢ep0y, (red curve) in comparison with the model points. As
it is seen in this plot the longitudinal term 0 gives rather small contribution to the
full cross section. Right plot shows the estimated behavior of the structure function
org,.
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Figure 4.3: Q? dependence of different contributors to the full integral cross sections. Comparison
between the event distributions of the-EG (curves) with the JM model values (points). Left side:
integral o7 (blue), epor (green) and o7 + epor (red) as a function of Q2. The values of ¢, are
calculated for thg beam energy 2.445 GeV, with which the experiment la was—dene, Right side:
the structure function oy, as a function of Q2. For both plots curves are obtained with EG for the
W-bin [1.7, 1.725] GeV, while the points are for the JM model forthe W = 1.7125 GeV.

Since oy, exists in five-dimensional sense at Q% = 0.65 GeV? the differential structure
function e in any point at 0,< Q? < 0.65 GeV? can be obtained in-thissway;

dSO'L
d°T

Fr(Q*)  er(2.445 GeV,0.65 GeV?)
Fr(0.65 GeV?)  £,(2.445 GeV,Q?)

50’
Ik () =

- (0.65 GeV?)

(4.3)

where the value of £, is calculated forthecaseof Fi.u = 2.445 GeV in order to satisfy

the conditions; under which the experiment la was made.

e The terms in Eq. (2.5);which correspond to other structur@mctions are also forced
by the coefficients in front of them to vanish at Q?> = 0 GeV?. Hence these struc-
ture functions exist in five-dimensional sense only at the Q? = 0.65 GeV? edge. Their
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contribution into the full cross section is an order of a magnitude lower than the con-
tribution from the first (transverse) and second (longitudinal) terms, thus there is no
need to develop complex procedure for the purpose of their extrapolation to the region
Q? < 0.65 GeV?. For this purpose the following approximate % dependence is used:

1
2
QQ
(1 T o7 GeV2>

The differential structure functions in any point at 0 < Q? < 0.65 GeV? can be obtained
in this way:

Fapprom(Q2) - (44)

d5O'X 9 d5UX 2 Fapprox(Q2>
_ _ 4.
A>T (Q ) d>T (O 65 GeV ) Fopprox(0.65 GeV?2)’ (4.5)

where ox corresponds to orr, o, o and o7 .

e Last step of the procedure is to perform linear one-dimensional interpolation of all
structure functions into the given W point.

After that in any arbitrary point f the region 1.6 < W < 1.825 GeV and 0 < Q% < 0.65
GeV? all structure functions are estimated in multi-dimensional sense.

1. In the region 1.3 < W < 1.6 GeV and (, < @Q* < 0.275 GeV? the same procedure is
applied, with the exception of o mixing, which can not be done, since structure function
or is available in five-dimensional sense only at Q% = 0.275 GeV?, and at Q* = 0 GeV? just
integral values of op are known from the data-set 2b (cyan line in Fig. 4.1)). It leads to the
fact that the shapes of all differential structure functions for Q% < 0.275 GeV? remain the
same like at Q? = 0.275 GeV?, though their absolute normalization changes properly due to
the integral scaling.

IV. Now let’s proceed to the region 1.825 < W < 2.1 GeV and (, < Q? < 1.3 GeV?.
For Q% = 1.3 GeV? the full set of five-dimensional structure functions are available from the
model analysis of data-set la. For the photon point only o7 is available from the model
analysis of the data-set 2a. Therefore the procedure similar to that described above for the
region II can be applied here. The only difference is that the Q? dependence of all structure
functions was not obtained by the fit of the corresponding integral values, but was taken the
same as for-thepeint W = 1.8125 GeV. If was done by, the following reasons. Ejt of the
integral or structure function is not expected to be reliable, since for o7 model prediction
exists only for two Q2 points (at Q* = 1.3 GeV? and Q? = 0 GeV 2), which are very far from
each other. For the longitudinal part of the cross section no fit can be done, since the model
prediction exits at a single point, Q? = 1.3 GeV?.

V. The same procedure jis also used for the region /W > 2.1 GeV and 0 < Q? < 1.3 GeV?
with the only distinctions for W > 2.1 GeV and Q? = 1.3 GeV? the five-dimensional structure

functions were roughly estimated with the JM model without relying on experimental data,
since no data exists there (brown line in Fig. [£.1)). The same was done also for W > 2.5 GeV
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and Q% = 0 GeV?, but here the information about integral photoproduction cross sections
(data-set 2b shown with the cyan line in Fig. |4.1)) was also-used. Thereby the-EG works up
to W = 4.5 GeV, but the higher the value of W is, the less reliable the cross section shapg
becomes.

VI. For the region 1.3 < W < 1.4 GeV and 0.575 < Q* < 1.3 GeV? the five-differential
structure functions, which exist at Q* = 0.575 GeV? from the model analysis of data-set 1b,
were scaled to the region Q? > 0.575 GeV? with the Q* dependence that was taken to be the
same as at W = 1.4125 GeV. This dependence is linear between the Q? points 0.575, 0.65,
0.95 and 1.3 GeVZ2 Thus the shape of all differential structure functions remains the same
in this region, and only integral scaling takes place.

VII. In order to extend the EG coverage closer to the threshold the following was done in
the region 1.2375 < W < 1.3125 GeV and 0.005 < Q* < 1.3 GeV?. Three extra W points at
1.2375, 1.2625 and 1.2875 GeV were added. Structure functions at these points werq taken

the same as at the point W = 1.3125 GeV, with-the two modifications: 1) invariant mass

distributions were forced to shrink as W decreases; 2) integral scaling wasg applied in order
to force the integral cross section vanish at the threshold. The Q? dependence remains the
same as at W = 1.3125 GeV. Linear W interpolation is done between these additional W
points.

VIIL In regard to the extension of the EG coverage to the region Q* > 1.3 GeV? the
simple approximate Q? dependence given by Eq. . is used. The structure functions in

this case are given by the-following expression:

d5O'X 2 d5O'X F, (Q2)
1.3 GeV?) = 1.3 GeV?2) oo
A>T (Q > 13 Gev ) d>T ( 3 GeV ) Foppron(1.3 GeV?2)’

(4.6)

where ox corresponds to or, o, orp, 0pp, o and o7 .

The shapes of all differential structure functions for Q? > 1.3 GeV? remain, the same as
at Q? = 1.3 GeV?, but their absolute values decrease according to the integral scaling given

by Eq. .

After all described-above steps are-applied in different W — Q? regions jn Fig. [4.1] all
structure functions can be obtained im any arbitrary point for Wy [1.2375, 4.5375] GeV
and @Q? > 0.005 GeV?2. Afterthat-thesg structure functions axg combined into the full five-
differential hadronic cross section according to Eq. for the particular beam energy given
as an input parameter. To obtain the weight factor for each generated event, this cross section
must be multiplied by the virtual photon flux given by Eq. (| . in order to obtain the cross

section, under the influence of electrons like in-experiment:

5

fcr ot = 271' ( maz o Iann)( gg}aa} o mzn) (W Q2)

where d;;’: is the full hadronic cross section given by Eq. (2.5) and T',(W, Q?) is the virtual

photon flux given by Eq. (2.2)). Other factors are introduced in order to make the generated
events consistent with the experimental ones and to force them to give the integral cross

(4.7)

7_
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section value upon a weighted summation of events in W, Q? bin. The, W dependent factors

(Sppaz — Sminy and (S — Smim) are especially essential for the correct weight propagation.
o, ST, Sgatt, S53* are the minimal and maximal values of the corresponded invariant

mass squared at the given W point. Witheut these factors one can net get proper W depen-
dence of the integrated cross section automatically by weighted sum of events in particular

W bins.

It also needs to be mentioned that the multiplication by yirtual photon flux I', in Eq.
corresponds to the mode, where the input flag F,,, = 1. In this case the;EG simulates events
that are collected during the electron scattering experiments. This mode must be used if the
EG is used for the modeling of experiment, for example efficiency evaluation.

Besides—the_FG can work in the mode Ffn, = 0, in which the weight f., st is not
multiplied by the virtual photon flux I, in Eq. (4.7)). In that case the weight corresponds to
the hadronic cross section under the influence of virtual photons. This mode is convenient if

one wants to unfold the hadronic cross section value from the EG distributions (see Sect.
for detail).
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Chapter 5

Unfolding the cross section value from
the EG distributions

As it-was-writtenis Sect. [4] the value of geven-differential double pion cross section is applied
as a weight f.. set for each generated event. The EG distributions, where generated events
are summed up with weights, can serve for the purpose of unfolding the values of integrated
and single-differential cross sections. In order to do if the sufficient number of events need,
to be generated in the mede I, = (. Let’s consider separately the issues of unfolding the
values of integral and single-fold differential cross sectionsy

1. Unfolding the integral cross section value from the EG distributions.

Let’s assume that Neﬂ/v AQ ovents are generated in particular W and Q? bin with the
widths AW and AQ?, respectively. The EG yield Y., is a weighted sum of these

eventsy

2
NAW,AQ

evt

Yo AW, AQ%) = 3" fi 0 = (AW, AQ*)NS A, (5.1)
=1

where o(AW, AQ?) is the desired value of the integral cross section in W and Q? bin,
which should be unfolded.

Therefore in order to obtain the value of the integral cross section in particular W and
@Q? bin, one needs to scale the weighted sum of generated events with the number of
events in thig bins

Yoen (AW, AQ?)
NAI/V,AQ2

evt

a(AW, AQ?) =

(5.2)

It should be mentioned that Eq. and Eq. are relevant enly for Jlarge number
of generated events, because the summation over all events implies also the summation
over all final hadron variables, since the weight represents seven-dimensional cross sec-
tion. Single point in W and Q% corresponds to the range in each final hadron variable.
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Therefore, in order to obtain the correct value of the integral cross section these ranges
must be well-populated with events. So, the Eq. ((5.2) will not lead to the correct value
of o(AW, AQ?) if just few events are generated.

The simplicity of the relations Eq. and Eq. is the consequence of the fact
that proper normalization factors are embedded in the weight f.,. s, as Eq.
demonstrates. These factors were chosen based on the demand that weighted sum of
the events must lead to the integral cross section value.

It is convenient to use one-dimensional ROOT histograms fex unfolding the cross section
from the EG distributions. Here is an example of obtaining the W dependence of
integrated cross section for particular Q? bin by means of filling the histogram and its
subsequent scaling. In order to do if one should generate N, in the limits [Win, Winas]
and [@Q?. , Q2% ..]. Then the following histogram should be createds;

THI1F *h.-w = new THI1F ("h-w”, "h-w”, n% ., Wiin, Winaz);
This histogram should be filled inside the loop over all events with theweights f.. scct-
how — Fill(W, fo seet);

After that the histogram should be scaled with the factor F', which corresponds to the
number of events inside one bing

Newt .
F — u?vt

Mhins ’
This formula is the consequence of flat generation and the greater the number of gen-
erated events is, the more accurate this relation becomes.

h-w — Scale(1/F);

Eventually the histogram h_w contains the W dependence of the integrated cross section
(in pb) in the limits [Wiin, Winae) for Q% bin [Q2,,, Q2...)-

2. Unfolding the single-differential cross section value from the EG distributions.

NAWAQ?

Let’s again assume that N_,, events are generated in particular W and Q? bin with

the widths AW and AQ?, respectively. If one is interested in the cross section that
is single-differential in final hadron variable X inthe bin-4X with pumber of events
NAWAQ?X ', then firstly this weighted sum, must-be-considered:

evt

2
AW, AQ“,0X
Nevt

d
ViAW AQ . 6X) = D7 fhr s = NOIA N T2 (AW, AQ2 5X)AX

2 0X do
— {Neﬁ”’AQ E} { (AW, AQ? IX)AX| =

do

= (AW, AQ2 5X)NAWAQL 5x

evt

(5.3)

where 22 (AW, AQ? 6X) is the desired value of the single-differential cross section in

AW, AQ% and X bin, which should be unfolded. AX is the full range kinematically
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available for the variable X. The fraction in the first square brackets appears, because
one is interested in the amount of events in d X bin, which in case of flat generation is
connected with the total number of events in AW, AQ? bin with this fraction. The
multiplier AX in the second square brackets appears, because according to Eq.
the weight contains the normalization factors, which are equal to the full ranges in
different final hadron variables and are needed to force the weights to give the jntegral
cross section value upon & weighted summation of events in AW, AQ? bin. Since in
this case the events are summed up over all final variables, except of the variable X,
the full range AX appears in the brackets.

Therefore in order to obtain the value of the single-differential cross section in particular
AW, AQ% and §X bin the following scaling of the generated yield in this bin should
be performed;

do
dX

Yyen(AW,AQ%,0X)  Yyen(AW, AQ?,6X)
NAWAQ? 5 - NAWAQ?IX A

evt evt

—— (AW, AQ? 6X) =

(5.4)

In terms of one-dimensional ROOT histograms the unfolding procedure is the-following,
Let’s assume that N,,; events are generated in one AW, AQ? bin.

e For the invariant mass distributionsy
THIF *h.m = new THIF ("h.m”, "hom”, n} . M,in , Monaz);

bins’
hom — Fill(M, for sect);
F — Nevt(Mm]\a/,Ix_Mmin) .

I

Mhins

h.m — Scale(1/F);
do

After that the histogram h_m contains the single-differential cross section ¥ in

aM
pub/GeV.

e For the ay, and ), angular distributionsy
THIF *h_ang = new THIF ("h_ang”, "h_ang”, n;, 2. 0, 27);

h,ang — Fﬂl(ang, fcr sect)v
F = 27 Neot

ang
bins

h_ang — Scale(1/F);
do

After that the histogram h_ang contains the single-differential cross section do OT

O'

2% in pb/rad.

° For the m single-differential cross section the procedure is a little bit more
n)

complicated. Two one-dimensional histograms should be created;
THIF *hl = new TH1F(”h1”,”h1”, nbms, 0,m);

THIF *h2 = new TH1F("h2” "h2”, nit 0, 7);

The histogram h1 should be filled inside the loop over all eventsy
hl — Fill(0n, for sect);

After hl is filled, the content of the histogram h2 should be set by the following
wayg
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for (Short_t i=1;i<mn

dcos = cos(h1—GetBinLowEdge(i)) - cos(h1—GetBinLowEdge(i)+h1—GetBinWidth(i));
h2— SetBinContent (i, h1 — GetBinContent(i)/d.os);

b
h2 — Scale(1/Ney);

After that the histogram h2 contains the single-differential cross section

in pub/rad.

th .
bins»

i++){
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Chapter 6

Quality of the data description

As it-was—waitten in Sect. [5] on can simply unfold the values of the integrated and single-
differential cross sections from the EG distributions. Lhis section eentains plotsywhieh illus-
trate how well the EG describes data in the regions, where they exist. All EG distributions,
which are presented below, werg generated in the mode Flyjpp = 0.

Fig, [6.1] and Eig. show the comparison between the event distributions of the EG
(curves) with the integrated cross sections from JM model [6], [4], [5] (circles) and data [7], [S]
(squares) for different values of Q? for the electroproduction data-sets 1a and 1b, respectively.
In Fig. [6.3] and Fig- the analogous comparison is made for the single-differential cross
sections of these data-sets.

The comparison that is shown in Fig, and Fig. , corresponds to the Q? boundaries
of the region IT in Fig. [4.1] As it is described in Sect. [£.2] the five-dimensional cross section in
this region is a mixture of the two cross section samples, each scaled from the corresponded,
Q? edge at Q% = 0 GeV? and Q? = 0.65 GeV?. The mixing is made in the way that at the Q?
edge the resultant cross section coincides with the corresponding model cross section at this
edge (see Eq. (1.2)). Figy[6.5 shows the comparison between event distributions of the EG
with the single-differential model cross sections at the edge-Q* = 0.65 GeV?, while Fig.

- at-the-edge Q% = 0 GeVZ,
The comparison that is shown in Fig, and Eig. corresponds to the Q? boundaries

of the region IV in Fig. [£.1] The same idea of cross section mixing is applied here. Fig3[6.7]
shows the comparison between the event distributions ef-the-EG with the single-differential
experimental cross sections at the edge Q? = 1.3 GeV?, while Fig. [6.8) —at—the-edgg Q? =
0 GeV?,

Fig1 (upper plot) shews that the-EG nicely reproduces the behavior of the total
integrated cross section close to Q* = 0 GeV?2. Besides, the lower plot in Fig. shows the
typical example of the Q2 dependence of the total cross section.

In any desired point of the regions la, 1b and 2a in Fig. the EG produces the es-
tablished values of the model cross section. In the regions I, II, IV the EG gives some cross
section estimation based on the cross section in the neighboring areas and therefore ean be

30


Ralf
Cross-Out

Ralf
Inserted Text
described 

Ralf
Inserted Text
,

Ralf
Inserted Text
e

Ralf
Cross-Out

Ralf
Cross-Out

Ralf
Inserted Text
In t 

Ralf
Cross-Out

Ralf
Cross-Out

Ralf
Inserted Text
 are presented that 

Ralf
Inserted Text
the input

Ralf
Inserted Text
TWOP

Ralf
Cross-Out

Ralf
Inserted Text
have been 

Ralf
Cross-Out

Ralf
Inserted Text
ures

Ralf
Cross-Out

Ralf
Cross-Out

Ralf
Inserted Text
TWOP

Ralf
Inserted Text
the 

Ralf
Inserted Text
measured 

Ralf
Inserted Text
s

Ralf
Cross-Out

Ralf
Inserted Text
s

Ralf
Cross-Out

Ralf
Inserted Text
,

Ralf
Cross-Out

Ralf
Inserted Text
ing

Ralf
Cross-Out

Ralf
Inserted Text
ure

Ralf
Cross-Out

Ralf
Inserted Text
TWOP

Ralf
Cross-Out

Ralf
Inserted Text
and 

Ralf
Cross-Out

Ralf
Inserted Text
 edge

Ralf
Cross-Out

Ralf
Inserted Text
shows the same  for the 

Ralf
Cross-Out

Ralf
Inserted Text
 edge

Ralf
Inserted Text
s

Ralf
Cross-Out

Ralf
Cross-Out

Ralf
Cross-Out

Ralf
Inserted Text
ure

Ralf
Cross-Out

Ralf
Inserted Text
and 

Ralf
Inserted Text
TWOPEG 

Ralf
Cross-Out

Ralf
Cross-Out

Ralf
Inserted Text
shows the same for the 

Ralf
Inserted Text
 edge

Ralf
Cross-Out

Ralf
Inserted Text
 edge

Ralf
Cross-Out

Ralf
Inserted Text
ure

Ralf
Cross-Out

Ralf
Inserted Text
Twop

Ralf
Cross-Out

Ralf
Inserted Text
demonstrates 

Ralf
Cross-Out

Ralf
Inserted Text
a

Ralf
Cross-Out

Ralf
Inserted Text
Furthermore

Ralf
Inserted Text
,

Ralf
Cross-Out

Ralf
Inserted Text
TWOP

Ralf
Inserted Text
can 

Ralf
Cross-Out


sts  used as a prediction of a naive model. In other regions the cross section estimatiens are less
s7 reliable, but good enough for the modeling the experiment, (efficiency evaluation, background
ss estimation, etc.).

20

=) 35
= =
o 30— - —— Q%= 0.65 GeV?
25 : — Q*=0.95 GeV?
E — Q%*=1.30 GeV?

:....I....I....I....I....I....I....
97 1.5 1.6 1.7 1.8 1.9 2 2.1

W (GeV)

Figure 6.1: Comparison between event distributions of thesEG (curves), for differentQ? bins-with
the integrated cross sections from JM model [6] (circles) and data [7] (squares) for the corresponding
three Q? points at 0.65, 0.95, and 1.3 GeV2. To obtain the green and blue curves the beam energy
was set to 2.445 GeV, while to-obtain the red one the beam energy was set to 4 GeV. This comparison
corresponds to the data-set la, which is marked in Fig. as the region within the red boundaries.

g 40+
©
30
20—
—— Q%=0.325 GeV?
10— — Q?=0.425 GeV?
— Q?=0.475 GeV?
0 | | | |

| |
1.3 1.35 1.4 1.45 1.5 1.55
W (GeV)

Figure 6.2: Comparison between event distributions efthe—EG (curves) for different Q? bins
with the integrated cross sections from JM model [4], [5] (circles) and data [§] (squares) for the
corresponding three Q? points at 0.325, 0.425, and 0.475 GeV2. EG distributions were obtained for
FEpeam = 1.515 GeV. This comparison corresponds to the data-set 1b, which is marked in Fig. 4.1
as the region within the lilac boundaries.
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Q%= 0.95 GeV?, W = 1.5875 GeV

do/dM (ub/GeV)
do/dM (ub/GeV)
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Figure 6.3: Comparison between event distributions of the EG (curves) for the W bin
[1.575, 1.6] GeV and @2 bin [0.8, 1.1] GeV? with the single-fold differential cross sections from
JM model [6] (circles) and data [7] (squares) for the peint W = 1.5875 GeV, Q? = 0.95 GeV%, EG
distributions were obtained for Ejp.q = 2.445 GeV. This comparison corresponds to the data-set
la, which is marked in Fig. as the region within the red boundaries.

Q%= 0.425 GeV?, W = 1.4625 GeV
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Figure 6.4: Comparison between event distributions of the EG (curves) for the W bin
[1.45, 1.475] GeV and @Q? bin [0.4, 0.45] GeV? with the single-fold differential cross sections from JM
model [4], [5] (circles) and data [8] (squares) for the peint W = 1.4625 GeV, Q? = 0.425 GeV?, EG
distributions were obtained for Ejp.q, = 1.515 GeV. This comparison corresponds to the data-set
1b, which is marked in Fig. as the region within the lilac boundaries.
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Q%= 0.65 GeV?, W =1.7125 GeV
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Figure 6.5: Comparison between event distributions of-the—EG (curves) for the W bin
[1.7, 1.725] GeV and @Q? bin [0.5, 0.8] GeV? with the single-fold differential cross sections from
JM model [6] (circles) and data [7] (squares) for the point W = 1.7125 GeV, Q? = 0.65 GeV%, EG
distributions were obtained for Epeqm = 2.445 GeV. This comparison corresponds to the data-set
la, which is marked in Fig. as the region within the red boundaries.

Q%= 0.0005 GeV?, W =1.7125 GeV
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Figure 6.6: Comparison between event distributions ef—the—EG (curves) for the W bin
[1.7, 1.725] GeV and @Q? bin [0.0004, 0.0006] GeV? with the single-fold differential experimental
cross sections [J] (squares) for the peint W = 1.7125 GeV, Q? = 0 GeV?, This comparison corre-
sponds to the data-set 2a, which is marked in Fig. agthe green line.
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Q%= 1.3 GeV? W =2.0625 GeV
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Figure 6.7: Comparison between, event distributions of-the—EG (curves) for the W bin
[2.05, 2.075] GeV and Q? bin [1.25, 1.35] GeV? with the single-fold differential experimental cross
sections (squares) for the point W = 2.0625 GeV, Q? = 1.3 GeV?, EG distributions were obtained
for Epeqm = 4 GeV. This comparison corresponds to the red line at Q? = 1.3 GeV?, that is adjacent
to the data-set la in Fig.

Q%= 0.0005 GeV?, W = 2.0625 GeV
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Figure 6.8: Comparison between event distributions of the EG (curves) for the W bin
[2.05, 2.075] GeV and Q2 bin [0.0004, 0.0005] GeV? with the single-fold differential experimen-
tal cross sections [J] (squares) for the peint W = 2.0625 GeV, Q? = 0 GeV% This comparison
corresponds to the data-set 2a, which is marked in Fig. asithe green line.
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Figure 6.9: Upper plot shows the W dependence of integrated cross section for quasi-real (°
[0.0004, 0.0005] GeV? in comparison with data [9, 10, [I1]. Lower plot shows a typical example of
Q? dependence of the total cross section for one W bin in comparison with the model JM [6] at
W = 1.7875 GeV for beam energy 8.8 GeV.
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Chapter 7

Simulating of the radiative effects

In order to simulate the radiative effects (RE) the approach [12] was chosen. This approach
allows to calculate radiative integral cross section from the given nonradiative one in each
(W, @?) point. In [12] it is denefox the inclusive case, while here double pion integral cross
sections are used instead.

It is essential that approach [12] only accounts for the change of the cross section value,
therefore additional procedure discussed below,is used to generate the energy of the radiative
photon and to account for the shift in W and Q? caused by the RE.

It needs to be mentioned that approach [12] assumes that radiative photons are emitted
colliniarly to the glectron direction, (so-called ”peaking approximation”). The minimal energy
of the emitted radiative photon is a free parameter. It is denoted as A and chosen to be

equal to 10 MeV. In [12] it is claimed that the result was found to be insensitive to the A @

value choice.

As it is derived in [12] (fermula (IV.1) on page 213) the radiative cross section in each
(W, @?) point is given by []

darad
dQdE.

(W, Q%) = Si + Sy + S (7.1)

Three terms in Eq. (7.1 correspond to various regions of integration in Fig. 3 on page 216
g [12]. Contribution, from region four in this figure is neglected in order to save computation
time.

The term S; corresponds to the so-called ”soft radiation”, in which the energy of the
radiated photon is less than A. Two remaining terms correspond to the so-called ”hard
radiation” in which the energy of the radiated photon is greater than A. S5 accounts for the
changing ef-the initial electron energy—whilg S3 for the changing ef-the scattered electron

Note that [I2] assumes the cross section to be differential in (€2, E./), while thecEG assumes it to be
differential in (W, Q?). Therefore, the nonradiative hadronic cross section is taken for the needed (W, Q2)

22
point and then multiplied by the virtual photon flux I', = 2% jon Eam EKET;”é)Z) , which is connected with the
camMyp

one defined by Eq.(2.2)) via the Jacobian of (W, Q%)— (£, E.) coordinate transformation.
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6

o
¥

energy.
603 Let’s look at each term of Eq. (7.1)) in detail;
604 1. S can be factorized in the following way [ (see Eq. (IV.1) in [12]);

dOnorud do_norzzd

W, Q? W, Q%) - Ryot = W, Q%) - e®+or, 7.2

S0V Q%) = T (W Q%) - Ruogs = S0t (W, Q?) (72)
605 where 0; corresponds to the straggling in the target medium, while d, corresponds to
606 the radiative correction to continuum spectrum, both of them are defined on page 214
607 in [12]‘
608 Se; the value of S; at given (W,Q?) point is determined by the nonradiative cross
609 section taken exactly at this point and multiplied by the factor R,y:.
610 2. Sg 1s giVGH byE|

2 e danorad 2
SZ(W7Q ) = pz’m ( Q )
dQdE,
A (7.3)
(JJ::;JI = Ebeam - 2m727 i Qumﬂ ki mpEe/
my — Ee (1 — cosB,r)

611 where w™ is the maximal energy of the photon that can be emitted by the initial
612 electron assuming two pion production, w is the energy of the radiated photon, pn; is
613 the part of the integrand defined by Eq. (IV.1) in [12]. W and Q2 are the shifted values
614 of the W and Q? for the given w value. m, and m, are the proton and charged pion
615 masses, respectively. Epeqn is the beam energy defined as an input parameter, E. and
616 0. are the scattered electron energy and polar angle, respectively, given by Eq. (3.2)).
617 It is essential that S5 is calculated numerically as an integral over the radiated photon
618 energy w, which varies from A to w™  with-thg increment, % Each w-point of this
619 grid corresponds to the distinAC:c value of the initial electron energy Fheqm — w, which in
620 turn corresponds to the (W, Q?) values shifted from the initial enes. Thus the value of
621 Sy at the point (W, Q?) is calculated as an integral of the integrand that is taken for
622 different shifted (W, Q?) points on this grid.

623 3. 53 is given bylﬂ
fin

Wmazx

do d
SW.QY) = [ pp S (. )
A (7.4)
fin_ MpBheam — 2mymy — 2m? &
maw My + Epeam (1 — cosby) e
2The Eq. (7.2) is coded in function s1_radsoftwhich-is-infilg radcorr.crz.
3Fhe Eq. (7.3) is coded in function s2_radhardini—which-is-infile radcorr.czz.
1The Eq. (7.4)) is coded in function s8_radhardfin—which-is-infilg radcorr.crz.
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where w/™ is the maximal energy of the photon that can be emitted by the scattered
electron assuming two pion productiony pf, is-the part of the integrand defined by

Eq. (IV.1) in [12].
As in the previous case S3 is calculated numerically as an integral over the radiated

photon energy w, which varies from A to w/™ swiththe increment, “’mé‘go wmer—& - Fach w-
point of this grid corresponds to the distinct value of the scattered electron energy
E. = Ey +w, which in turn corresponds to the (W QZ) values shifted from the initial

ones. Thus the value of S3 at the point (W, Q?) is calculated as an integral of the
integrand that is taken for different shifted (W, Q?) points on this grid.

The nonradiative integral cross sections, which are needed to compute Sy, Sy and Ss ig
the issue of special attention. The subroutine that simulates RE should have an access to
the nonradiative integral cross sections for each desired point in W and Q*. Although the
EG calculates the cross section value as a weight for each event, it is snjustified to use these
Jimplemented into the EG cross sections for the purpose of RE simulation. The reason for
that is the following: these cross sections are five-differential, therefore in order to be used
for the RE simulation they must firstly be obtained on the five-dimensional grid in final
hadron variables and then be integrated over that grid. But for each generated event it
would happen more than thousand times, that inevitably leads the-generationtime to the

incredible increase,

The following alternative can be thus used instead: the EG should have a-direct access
to the integral cross sections. For this purpose, the integrated structure functions o7 and oy,
werg obtained from the;EG itself (see Sect. [5]) on the (W, Q?) grid with the bin widths 25 MeV
in W and 0.05 GeV? in Q? in the limits [1.2625, 3.0125] GeV in W and [0.0005, 1.3] GeV?
in Q% These structure functions wezg tabulated in the text files that are located in the
folder 7int_sec_mew”. Two-dimensional linear interpolation is used in order to obtain these
structure functions in given (W, Q?) point within the limits waitten above. Then or and
oy, are combined into the full cross section for the given beam energy according to Eq. .
For W > 3.0125 GeV the cross section is assumed to be the same as at W = 3.0125 GeV
for each Q? point, and for Q? > 1.3 GeV? the cross section value at Q? = 1.3 GeV? for
each W point is scaled with the dependency given by Eq. . The interpolation time
appears to be negligible in comparison with the time needed to produce the cross section on
the five-dimensional grid with the subsequent integration. Therefore, using of this approach
simulating of RE increases the generation time only slightly.

After the values of S, Sy and S5 are obtained the following factor can be calculated for

each event: J
o
frc(VVv QQ) = [Sl + SZ + SS] / {deEe/ (W7 Q2):| (75)

This factor shows how the radiative cross section is different from the nonradiative one
for given W and Q? and is applied as an additional weight factor for each event together
with the conventional one f.. s, which carries information about nonradiative cross section
and is discussed in Sect. [l
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However, the cross section change due to the RE is not the only issue we are interested
in. One also wants to simulate the radiative tail in distributions like missing masses, which
appears due to the mismatch between the hadron and lepton momenta. This mismatch is the
consequence of the fact that (W, Q?) values obtained from the initial and scattered electrons,
which suffer from the RE, are not those for which final hadrons are produced. To simulate
this effect one needs to account for the shift in (W, Q?) values due to the-RE, which in turn
implies the generation of the radiated photon energy.

To generate the radiated photon energy firstlythe random number R is generated in the
limits [0, 1]. Then three cases are considered;

S1
S1+S2+S53

This case corresponds to the so-called "soft” scenario, in which the energy of the ra-
diated photon E,.q is less than A and considered to be zero, and (W, Q?) values are
considered to be unchanged;

e )< R<

Erad:
Q?=Q
W=

S *O

S1 S1+S52
S1+S2+S3 S1+S2+S3

This case corresponds to the emission of the "hard” photon by the initial electron. The

photon energy F,qq is generated in the limits [A, w'™ | according to the probability
density E| given by the integrand in Eq. (7.3). In this case;

<R<

Ebeam = Fyeam — qu
@5 = QEbeamEe/(l — cosler), (7.7)

W - \/m?) - @/2 + 2<Ebeam - Ee’)m]n

where E. and 6. are assumed to be unchanged.
5148
® Sirsis < i<l
This case corresponds to the emission of the "hard” photon by the final electron. The
photon energy E,.q is generated in the limits [A, w/™ | according to the probability

max

density given by the integrand in Eq. ([7.4])—lnthis-case;

®Using ROOT it-is-convenientto-do-it in the following way;
THIF *h_radhardini = new TH1F (”h_radhardini”,”h_radhardini”,800,A wim );
for (Int-t i=0;i<800;i++) h_radhardini—SetBinContent(i+1,(ARRI[i]+ARR[i+1])/2.);
R2[0] = hardini_rndm.Uniform(0.,1.);
h_radhardini—GetQuantiles(1,eran,R2);
where ARRJi] is the value of the integrand in Eq. taken on the w-grid; eran[0] is the photon energy

denoted as F,,4 in the text.
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Ee’ = Fe + EradA
@5 = 2Ebeamﬁex(1 — cosber), (7.8)
W = \/ml% - 62 + 2<Ebeam - E@’)m]b

685 where Epeqm and 0. are assumed to be unchanged.

686 Now these shifted (W, @5) values are sent as an input to the subroutine that calculates the
e four-momenta of the final hadrons in the lab frame (see Sect. [3.2). As a result the calculated
ess hadron momenta account for the shift of (W, Q?) values due to the-RE. However, the final
seo electron is assumed to be unchanged and still to be defined by Eq. for the originally
s generated (W, Q?) values, as well as the initial electron that is assumed to have unchanged
so1  beam energy Epeqm. I corresponds to the real experiment, where one loses information about
s2 the change of the lepton momenta due to the RE, and the radiative tail in the distributions
03 like missing masses appears.

0.1

0.014F 0.00
0.012H 0.08
o.01H 0.07
0.06

0.008H 0.05
0.006 H 0.04—
0.004H 0.031~
0.021—

0.002H 0.01

| | 1 1 | |
00 0.1 0.2 0.3 0.4 00 0.01 0.02 0.03 0.04
E aa (GEV) MZ (GeV?)

Figure 7.1: Left plot: the distribution of the radiated photon energy E,..q. Right plot: the distri-
bution of missing mass squared of 7, which is calculated according to Eq. . Both histograms
are normalized in a way that the maxima of the main peaks at zero (left) and at pion mass squared
(right) are equal to one. The example is given for the case of Epeqrm = 2 GeV, 1.6 < W < 1.8 GeV
0.4<Q?<0.5 GeV2.

694 Fig, . 7.1|shows the distributions of the radiated photon energy (left plot) and missing mass
o0s squared of gr~ (right plot). Missing masssquared-of #— wag calculated inthisway;

M? =(P,+P.,—P,— P, —P.)? (7.9)

696 where P; is the four-momentum of the particle . f’p/ and ﬁﬁ correspond to the hadron

v momenta calculated for ghifted (W, @) values, while P, and P, correspond to the initial
es unshifted (W, Q?) values. I mimics the conditions of real experiment and leads to the
s00 radiative tail, which is clearly seen in the right plot in Fig.
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~ Chapter 8

. Building and running TWOPEG

72 TWOPEG has two compiling options;

703 e "make nobos” —te compile without BOS libraries, no output in BOS format is possible
704 in this case.

705 e "make bos” —te compilg with BOS libraries. BOS output can be created according to

706 the flag in the input file. Since some of the libraries are at ”~gleb/lib/LinuxRHFCS8”,
707 sooner or later they will become irrelevant.
Header Infos
Column Quantity

1  (Number of particles
2*  [Number of target nucleons

3*  [Number of target protons
4*  |Target Polarization
5 Beam Polarization

6* |x Event number
7* ly

8* w

9% 102

10* |nu  Cr. sect. value

Figure 8.1: The event header in LUND format output.

708 The compilation and running was tested on ifarm machines.

700 After thecompilationteg run the;KG one should type "twopeg_bos < inpl” or ”twopeg_nobos
70 < inpl” depending on the compiling options.

m The input file ”inp1” is located in the EG root directory. It contains input parameters
72 with some comments. In more details these parameters are explained in Tabl. [8.1]

713 The generator produces an output in LUND format. The header of the event was slightly
74 changed in comparison with the conventional one that is used in GEMC. In the field six the
75 event number is placed instead of "x”; and in the field ten the cross section value is placed

41


Ralf
Cross-Out

Ralf
Inserted Text
.

Ralf
Cross-Out

Ralf
Inserted Text
s

Ralf
Cross-Out

Ralf
Inserted Text
s

Ralf
Inserted Text
s

Ralf
Highlight

Ralf
Cross-Out

Ralf
Inserted Text
TWOP

Ralf
Cross-Out

Ralf
Inserted Text
To

Ralf
Inserted Text
 after the compilation is complete,

Ralf
Cross-Out

Ralf
Cross-Out

Ralf
Inserted Text
the 

Ralf
Cross-Out


Input parameter | Description

Newt Number of events to be generated
Eveam Beam energy (GeV)
Winin W minimum (GeV)
Wimaz W maximum (GeV)
Q2in @2 minimum (GeV?)
2 e Q? maximum (GeV?2)
Omin Minimal 6 of the scattered electron (deg)
Omax Maximal 6 of the scattered electron (deg)
Eomin Minimal energy of the scattered electron (GeV)
Riarg Target radius in cm
Liarg Target length in cm
z, Irfg Target offset in z in cm
Ptarg Target density (g/cm?)
l{grdg Target radiation length (cm)
Ztarg Target Z
Atarg Target A
Thywi, Thyf Thickness of the target windows initial, final (um)
Pwis Pwf Density of target windows initial,final (g/cm?)
rad, lfu‘lfd Radiation length of target windows initial,final (cm)
Output BOS file: 0 - no,
Fios 1 - MCTK,MCVX banks,
2 - PART bank
out.bos BOS output file name
Flund Otput LUND file O - no, 1 - yes
out.lund LUND output file name
Radiative mode: 0 - no rad effects,
Frad 1 - rad eff with no straggling,
2 - rad eff with straggling
Fyermi Fermi smearing: 0 - no, 1 - yes
Multiplication by virtual photon flux:
Fllue 0 - no (under influence of virtual photons),

1 - yes (under influence of electrons)

Table 8.1: List of the input parameters with their description.

76 instead of "nu” (see Fig. . An example of LUND output for two double pion events
nr - generated with TWOPEG is given in Fig. [8.2]

1. 1. 0 0o |20 1.7@]0.9609 0.0291

-1. 1 11 0 0 0.89388 -0.0826 9.3042 9.3479 0.0005 0.0000 O0.0000 0.5431
1. 1 2212z 0 0 -0.2713 0.0407 0.8053 1.2665 0.9383 0.0000 O0.0000 0.0000
1. 1 211 0 0 -0.4521 -0.3076 0.5123 0.7622 0.13%9 0.0000 0.0000 0.0000

-1. 1 -211_0 0 -0.1755 0.3485 10 a2 0.5617 0.13%9 0.0000 0.0000 0.0000
1. 1. 0 0 |3|0 1.8144 1.1592 [0.0204
-1. 1 11 0 0 -0.9120 0.3523 9.0444 59,0971 0.0005 0.0000 0.0000 -0.9233

1. 1 2212 0 0 0.6313 -0.1369 1.5564 1.9288 0.9383 0.0000 0.0000 0.0000
1. 1 211 0 0 0.4156 0.0930 0.1830 0.4851 0.13%9 0.0000 0.0000 0.0000
-1. 1 -211 0 0 -0.1349 -0.3134 0.21e1 0.4273 0.13%9 0.0000 0.0000 0.0000

Figure 8.2: Example of two generated double pion events. The event numbers are in the orange
boxes, while the weights are in the red boxes.

718 For the backward compatibility with CLAS software TWOPEG can also produce an
70 output in BOS format. In this case there are two options in the input file: the option with
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720

721

722

723

724

725

726

727

728

Fyos = 1 serves to generate "MCTK” and "MCVX” banks, while another eng with Fj,s = 2
is needed to generate "PART” bank.

The-EG needs 7.dat” files with tabulated structure functions and fit parameters. They
are located in the "data” subfolder inside the EG root directory. If one needs to move it, one
should define the environment variable ”data_dir_2pi” that points to the new ”data” folder
location (for example in csh one should use ”setenv data_dir_2pi new_path/”).

There are also two ”.root” output files: the first one contains the root tree with the
weights for each eventy the second one contains some histograms, which one may find useful
for the purpose of the quick check of the kinematical coverage, distributions of EG yield, etc.
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Chapter 9

Conclusions and code availability

TWOPEG code is available in the github repository (https://github.com/JeffersonLab/Hybrid-
Baryons/). One can obtain the code using the command:
git clone https://qgithub.com/JeffersonLab/Hybrid-Baryons.git”.

TWOPEG covers the kinematical region in W from the double pion production threshold
up to 4.5 GeV. For W > 2.5 GeV the higher the value of W is, the less reliable the cross
section shape becomes, since neither experimental data nor model predictions exist there.

In Q? the EG works starting from 0.0005 GeV?. In general it can work for any Q? greater
than this lower limit, but one should remember that for Q? > 1.3 GeV? the shape of the
differential cross sections is always the same as for Q% = 1.3 GeV? and only integral scaling
takes place.

In the kinematical regions, where the information about the cross sections of the reaction
ep — €'p'mT T exists (regions la, 1b, 2a in Fig. TWOPEG successfully reproduces them.
In the regions I, II, IV in Fig. the EG predicts the cross section value based on the known
cross sections in the neighboring regions, therefore it can be used as a naive model there. In
other regions the cross section estimation is less reliable, but good enough for the purpose of
the modeling ef experiment, for example for efficiency evaluation or background estimation.

TWOPEG was developed in theframework of the preparation of the Hybrid Baryon
Search proposal, which was approved by PAC44 [16]. It has already been successfully used
for the run condition and efficiency estimations during the proposal preparation. For the event
reconstruction the simplified version of the CLAS12 reconstruction software (FASTMC) was
employed. TWOPEG will be applied for the analysis of the CLAS12 data that are expected
for this project.

It also will be used for the analysis of the CLAS12 data that will be collected in theframe-
work-of the Nucleon Resonance Studies With CLAS12 proposal approved by PAC34 [17].

Besides;the cross sections obtained from thissEG serq used to fill zones with zero CLAS
acceptance in the analysis of the part of "ele” data-set with hydrogen target [18].

In the analysis of the part of "ele” data-set with deuteron target the efficiency evaluation
and the corrections due to the radiative effects and Fermi motion of the target proton serg
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759

760

761

762

763

dong with TWOPEG [19]. For that purpose the generated events were passed through the

standard CLAS packages "GSIM” and "recsis”.

TWOPEG is being established as a universal tool for Monte Carlo simulation of the
reaction ep — €'p'rTr~ and can be used imthg future CLAS12 experiments as well as in the

continuing CLAS data analyses.
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Appendix A: Calculation of the angle «

For the second set of kinematic variables the angle a,- between two planes A and B (see
Fig. Iiould be calculated in the following way. Firstly two auxiliary vectors 7 and 5
should be determined. The vector 7 is the unit vector perpendicular to the three-momentum
P.—, directed toward the vector (—1i,) and situated in the plane A, which is defined by the
three-momentum of initial proton and three-momentum of 7~. 7, is the unit vector dlrected
along z-axis. The vector B is the unit vector perpendicular to the three-momentum of 7
directed toward the three-momentum of 7% and situated in the plane B, which is defined by
all final hadrons. Note that the three-momenta of 7+, 7=, p/ are in the same plane, since in
c.m. frame their total three-momentum has to be equal to zero. Then the angle between two
planes a,- is .

- = acos(7 - ), (A.1)
where acos is a function that runs between zero and 7, while the angle a,- may vary between
zero and 2. To determine the v angle in the range between m and 27 the relative direction
between the 7~ three-momentum and the vector product § = [7 x f3] of the auxiliary vectors
7 and B should be taken into account. If the vector 4 is collinear to the three-momentum of

, the angle o, is determined by (A.1] , and in a case of anti-collinearity by
- =21 — acos(7 - ). (A.2)
The defined-above vector 7 can pe expressed as

Y = ao(—17.) + bafip _  with

1
Ao = \/1 ()P and (A.3)

ba = _(ﬁPﬁ— (—112))a

where 7ip _ is the unit vector directed along the three-momentum of 7~ (see Fig. 77).

Taking the scalar products (7-7p _) and (7 - 9), it is straightforward to verify, that 7 is
the unit vector perpendicular to the three-momentum of 7.
The vector § can be obtained as

—

ﬁ = CLﬁT_ipWJr + bﬁﬁpﬂ* with

1
_ A4
ap \/ T G, e (8.4)

bﬁ = —(ﬁpTr+ . ﬁpﬂi)(lﬂ s
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786

787

788

7

®

9

7

©

0

where 7ip | is the unit vector directed along the three-momentum of Tt
Again taking the scalar products (5 7ip _) and (5 5), it is straightforward to see, that
5 is the unit vector perpendicular to the three-momentum of 7.

The angle «a,- coincides with the angle between the vectors 4 and 5 So, the scalar
product (7 - ) allows to determine the angle o, - 1' The angles o,y and o+ from the
other sets of kinematic variables are calculated in the similar way:.
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