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Abstract — Electron polarimeters based on Mott scattering are extensively used in different fields
in physics such as atomic, nuclear or particle physics. This is because spin-dependent measure-
ments give additional information on the physical processes under study. The main quantity
that needs to be understood in very much detail, both experimentally and theoretically, is the
spin-polarization function, so-called analyzing power or Sherman function. A detailed theoretical
analysis on all the contributions to the effective interaction potential that are relevant at the
typical electron beam energies and angles commonly used in the calibration of the experimental
apparatus is presented. The main contribution leading the theoretical error on the Sherman func-
tion is found to correspond to radiative corrections that have been qualitatively estimated to be
below the 0.5% for the considered kinematical conditions: unpolarized electron beams of few MeV
elastically scattered from a gold and silver targets at backward angles.

Copyright © EPLA, 2018

Introduction. — Electron polarimeters based on Mott
scattering are extensively used in different fields in physics
such as atomic, nuclear or particle physics [1]. This
is because spin-dependent measurements give additional
information on the physical processes under study [2].
Mott polarimeters are instrumental in the study of spin-
dependent effects in atomic collisions, magnetization in
solids, parity violation in low-energy nuclear and high-
energy particle physics, precision measuremets of the Z°
mass or tests of special relativity [1]. Nowadays, due to
the advent of new experimental programs at JLab [3] and
MAMI/MESA [4] facilities where accuracy on electron
spin-polarization will be crucial in different experiments,
it is timely to provide state-of-the-art theoretical calcula-
tions of the Sherman function at the typical kinematical
conditions and target nucleus of interest for the calibration
of the Mott polarimeters.

Elastic collisions of electron projectiles with atoms and
ions are usually described by means of the static-field ap-
proximation [5]. Exchange effects can be approximately
accounted for by adding an approximate local-exchange
interaction [6] to the electrostatic potential. The accuracy
of this approximation is limited by inelastic absorption

() E-mail: xavier.roca.maza®mi.infn.it

and charge-polarization effects. The existence of open in-
elastic channels implies a loss of projectile flux from the
elastic channel!. Within these approximations, the inter-
action potential is completely determined by the adopted
nuclear and electronic charge densities. The nuclear
charge density of the target nucleus can be modeled by
a parametrized function fitted to experiment or derived
from microscopic models such as those based on effective
interactions solved within the mean-field approach [7,8].
The latter framework has been shown to be reasonable in
the description of bulk nuclear properties along the whole
nuclear chart [9]. For incident electron energies of some
MeV, the two approaches yield equivalent scattering ob-
servables. The most accurate electronic charge densities
available for free neutral atoms are obtained from the mul-
ticonfiguration Dirac-Fock code of Desclaux [10].

A theoretical description of high-precision measure-
ments on electron scattering observables, may require to
also account for the so-called radiative corrections [11,12].
Radiative corrections are calculated from processes involv-
ing real photons (soft-Bremsstrahlung) and virtual pho-
tons (QED corrections to the tree level). At lowest order,

LFor electron energies of the order of few MeV the absorptive and
correlation-polarization effects become negligible.
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the leading QED corrections are the vacuum polarization
and self-energy. For heavy nuclei with a large charge
number Z these QED effects cannot be treated perturba-
tively [13-15]. The self-energy and vacuum-polarization
contributions, being of the same order in the expansion
on the fine-structure constant, are expected to be of the
same order of magnitude. Moreover, they are of opposite
sign when evaluated on atomic electrons [15]. Self-energy
corrections are very complicated to be reliably evaluated
with high accuracy. They introduce a non-locality in the
interaction potential, require renormalization —divergent
terms appear— and, within our approximation, require
to work with electron wave functions that are eigenstates
of the Coulomb potential and not simple plane waves.
On the other side, the vacuum-polarization correction
can be more easily estimated by means of the Uehling
approximation [16,17].

The calculations presented here have been performed
by using the code ELSEPA [18] and later modifica-
tions [7]. The last modification was the inclusion of the
Uehling potential to evaluate the effect of the vacuum-
polarization correction. ELSEPA allows relativistic partial-
wave calculations to be performed for projectiles with
kinetic energies up to several MeV and for a variety of
interaction potentials. Elastic differential cross-sections
(DCSs) and spin-polarization functions calculated in this
way constitute the state-of-the-art for energies in the MeV
level.

The present article is essentially based on refs. [7,8,18,
19] and it is organized as follows. In the second section,
for the sake of completeness, a review of the theory nec-
essary to produce the results shown in the third section
is briefly discussed. Our conclusions are presented in the
last section.

Theory. — The elastic interaction of an electron with
a target atom of atomic number Z placed at the origin
of coordinates is considered. The electron cloud as well
as the nuclear charge densities have been assumed to be
spherically symmetric. The interaction between the elec-
tron at a distance r and the target is described by means
of an optical-model potential,

V(r) = Vi (r) + Vex(r) — iWaps(r), (1)

where Vi (r) is the electrostatic interaction potential,
Vex(r) is an exchange potential that accounts for the oc-
currence of rearrangement collisions in which the projec-
tile electron exchanges place with an atomic electron [6]
and Waps(r) is the absorption potential?. Then, elastic-

scattering properties can be calculated by using conven-
tional partial-wave methods [18].

2Correlation-polarization potential is only needed for slow pro-
jectiles (E < 10keV) so it has been neglected here.

The potential energy of an electron at a distance r from
the center of the nucleus is given by

V;‘t(T) = _650(7‘) = _e[@nucl.(T) + (pat.elec.(T)]

1 T oo

—4me (—/ pn (P2 dr’ —|—/ pn(r’)rldr’)
™ Jo T
1 T (e o)

—4me </ pc(r’)r’2d7’/+/ pc(r/)r’dr’),
™ Jo r

(2)

where p, (1) denotes the charge density of the nucleus nor-
malized to Z and p.(r) that of atomic electrons normal-
ized to Z for neutral atoms—and to the total number of
electrons for ions. At the energies of interest, the effect
of screening by the orbiting atomic electrons is limited to
small scattering angles. To quantify the screening of the
nuclear charge by the atomic electrons, one can define the
screening function, x(r) = 4> ¢(r). Since the electrostatic
potential and the particle densities of the atom follows
the Poisson’s equation, one finds in spherical symmetry a
relation between the nuclear and electron electric charge
densities and the screening function [18].

The DCS for elastic scattering of spin unpolarized elec-
trons is given by

O = 15O+ lg(O)P. 3
where
_ ! 3 (L+1) 2i6 1
= Sk ;){ + 1) [exp (2i6x=—¢—1) — 1]
+ £ [exp (2i0,=¢) — 1] } Py(cos ) (4)
and

= L]{Z |: 21(5,£ g)
=1

—exp (2i0,=—¢—1) } P} (cosf) (5)
are the direct and spin-flip scattering amplitudes, respec-
tively; k denotes the wave number of the projectile elec-
tron chk = \/E(E 4 2mc?); and the functions Py(cos0)
and P}(cosf) are Legendre polynomials and associated
Legendre functions, respectively. The phase shifts ¢, rep-
resent the behavior of the Dirac spherical waves at large
r distances. Relative numerical uncertainties of the com-
puted scattering amplitudes and DCS are estimated from
the convergence of the partial-wave series, they are typ-
ically smaller than 107°. ELSEPA [18] also provides the
Sherman function—or analyzing power,

f(0)g*(0) — f*(0)9(0)
£ (O +1g(0)[?
which gives the degree of spin polarization of the electrons

from an initially unpolarized beam that are scattered in
the direction 6.

S(0) = (6)
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Also important are the spin rotation functions 7'(9)

and U(0),
O~ 90)?
TO = FoET190)r ™)
vy = 10O + 1 0)g(0) .

[F(O)1* + 1g(6)[?

The square of the spin functions should fulfill the sum rule
SO +TO)?+U0)*=1.
The spherical solutions of the Dirac equation are suit-
ably expressed in the form [18]
)) ’

where the functions € ., () are the spherical spinors, and
the radial functions Pgy(r) and Q g« (r) satisfy the system
of coupled differential equations

Pry (1) m (

iQEn(T)an,m( (9)

> ~—

Yrn(r) = © (

dPg, E-V+2 2
WPow _ _kp  E-Viadme,

dr r ch (10)
dQ g E-V

QE = - PE& + EC?EM

dr ch r

k is defined as k = (¢ — j)(2j + 1), where j and ¢ are the
total and orbital angular momentum quantum numbers.
For modified Coulomb potentials and r — oo: Ppgy,(r) ~
sin(kr — €3 —nln2kr 4 6,) where n = Ze?*me/(h*k) is the
Sommerfeld parameter (see, e.g., ref. [18] and references
therein).

The nuclear charge distribution.  The details of the
nuclear charge distribution affect the calculated scattering
observables for projectiles with kinetic energies larger than
about 50 MeV. For energies of the order of the MeV, it is a
good approximation to consider a simplified model such as
the two parameter Fermi function or the Helm model [7,8].
The nuclear charge density has been modeled by means of
a two-parameter Fermi function,

_ Po
~ 1+expl(r—0)/al’ (11)

pr(r)

where pg is determined by fixing the charge of the nu-
cleus (Z); a describes the diffuseness of the surface of
the density profile; and C describes the mean location of
this surface (i.e., C' is indicative of the extension of the
bulk part of the density distribution). The parameters a
and C have been determined so that they reproduce the
experimental root mean square charge radius, (r% )/? of
4.5601 £ 0.0035 fm and 5.4371 4= 0.0038 fm, for 1%°Ag and
197 Au, respectively [20]. Specifically, the parameters of
the Fermi function are a = 0.5573 fm and C' = 5.250 fm
for 1%9Ag and a = 0.58187 fm and C' = 6.440 fm for °7Au.
As an example, in fig. 1 the charge density corresponding
to 199Ag is shown. For comparison, the prediction of a
self-consistent mean-field model (SCMF [21]) is also dis-
played. The SCMF approach assumes that nucleons move

Y ——
0.07f
0.06}

~0.05

@0.04'

20,03}
0.02}
0.1}

R Y S S

r (fm)

Fig. 1: (Colour online) Nuclear charge density as a function
of the distance to the center for 1" Ag. A Fermi model and a
self-consistent mean-field model are shown.

independently in a mean field generated by the other nu-
cleons of the atomic nucleus and it is known to be accu-
rate for the description of bulk properties of nuclei such
binding energies or charge distributions [9]. These phe-
nomenological models usually depend on about ten ad-
justable parameters that are fitted to reproduce relevant
ground-state properties for some selected nuclei. For re-
cent works that analyze the accuracy of mean field models
in the description of the DCS in elastic electron scattering,
the reader is referred to ref. [7].

As seen in fig. 1, the Fermi distribution displays the
correct surface fall-off behavior when compared to more
sophisticated calculations such as SCMF. On this regard,
it has been checked that an accurate nuclear self-consistent
mean-field model give the same result within 0.1% error
in the Sherman function (cf. inset of fig. 7) when com-
pared with the fitted Fermi and Helm distributions at the
kinematical conditions and target nuclei of interest.

Electron density model.  In this work, the most accu-
rate electron densities available for free atoms obtained
from self-consistent relativistic Dirac-Fock (DF) calcula-
tions [10] has been adopted. The effect in the Sherman
function of neglecting atomic electrons in scattering pro-
cesses of few MeV electrons may produce an error of about
a few % (cf. fig. 7) and, thus, the calculations presented in
the next section will account for electron screening effects.

Electron exchange potentials. ~ When the projectile is
an electron, one should account for rearrangement col-
lisions in which the projectile exchanges places with an
atomic electron. In relativistic-electron elastic scattering
under some reasonable approximations [18], the scatter-
ing wave function is found to satisfy an equation similar to
the Dirac-Fock equations, with a non-local exchange term.
A simpler, and computationally more convenient approach
is to use local approximations to the exchange interac-
tion. Specifically, the Furness-McCarthy exchange poten-
tial [22] has been used here. The effect in the Sherman
function of neglecting the effect of the exchange potential

33002-p3
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Fig. 2: (Colour online) Sherman function of 5 MeV electrons on
a '9Ag target as a function of the scattering angle. Calcula-
tions represented by the solid black line neglect the effect of the
exchange potential while the ones represented by a dashed red
line include such an effect. In the inset, the relative difference
is depicted.

in scattering processes of few MeV electrons may produce
an error of about few per mil (cf. fig. 2). So negligible for
our purposes.

Inelastic contributions.  The loss of particles from the
elastic to the inelastic channels is modeled by including a
negative imaginary term, —iWaps(r) in the optical-model
potential. The potential W (r) proposed by Salvat [23]
that is obtained by means of the Local Density Approx-
imation is used. In brief, it is assumed that a projectile
interacts with the atomic electron cloud as if it were mov-
ing within a homogeneous electron gas. This model can
be applied to energies < 1MeV and it can already give
some hints on the effects one should expect at few MeV
electron energies. In fig. 3, the relative effect of the inelas-
tic channels in the Sherman function at backward angles
and energies 1keV-1MeV on a ®7Au target is shown.
Hence, an error well below 0.1% should be expected due
to the inelastic channels for electron energies of few MeV
at backward angles.

Radiative corrections. In electron scattering by a
Coulomb field, real photons are emitted. In the so-called
soft (or low-energy) photon region [12], inelastic processes
cannot be distinguished from elastic processes. This is re-
lated with the experimental energy resolution. Radiative
corrections are calculated from processes involving real
photons (soft-Bremsstrahlung) and virtual photons (QED
corrections to the tree level). Both types of contributions
are, in principle, needed to accurately describe the experi-
mental data. At lowest order, the leading QED corrections
are the vacuum polarization and self-energy. At the kine-
matical conditions and target of interest, there has only
been experimental evidence that radiative corrections do
not amount to more than a 0.5% in the Sherman function
in the limit of zero-thickness target [24]. In this experi-
mental reference, measurements at three different electron

He
i — I keV

(S_Sref) / Sref

0.000{

N 1 N N
170 180
0 [deg]

60

Fig. 3: (Colour online) Relative contribution from the inelastic
channels to the Sherman function as a function of the angle
and for different electron energies for the case of °7Au.

[T T T T T ]FT T T T 4
0.005} 10.005
:ﬁ 0.004F 1 10.004
gU)
4 1 ]
0.003 197, IF 109, 40.003
Au it Ag ]
i 0=1725" | 0=172.5"]
0.002 ==t Jo 002
E (MeV) E (MeV)

Fig. 4: Relative effect of vacuum polarization corrections to the
Sherman function on electron beam energy at backward angles
for °7Au (left panel) and '"°Ag (right panel).

energies between 2 and 8 MeV and gold target were per-
formed neglecting in the analysis all radiative corrections.
Since these corrections increase with energy and in ref. [24]
just a single fit for all energies gave a very good accuracy,
one may reasonably expect that radiative corrections do
not amount to more than a 0.5%.

The vacuum polarization correction is evaluated in this
work by following the Uehling approximation [16,17] but,
instead of doing it perturbatively, the Dirac equation will
be solved in the combined potential [19]. That is, the po-
tential due to the vacuum-polarization effects is added to
V(r). Specifically, the vacuum polarization correction is of
0.5% or below (increases with energy) for the kinematical
conditions and target of interest (cf. fig. 4 and ref. [19]).

Finally, it is important to note that it would be mis-
leading to include such a correction in the calculations
and neglect the self-energy and soft-Bremsstrahlung cor-
rections. All radiative corrections should be included for a
fully consistent calculation. So, the vacuum-polarization
correction will be only used to show its impact on the
theoretical predictions presented here.

33002-p4
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Fig. 5: (Colour online) Elastic differential cross-section (upper
panel) and Sherman function (lower panel) as a function of
the scattering angle for 3, 5 and 8 MeV electrons by '°®Ag.
F stands for Fermi function and the label DF indicates that
the screening of the nuclear charge by the atomic electrons is
included. In the insets, the relative change of the same quantity
as a function of the energy is shown with respect to the case
in which the effect of atomic electrons is neglected.

Final remarks. A macroscopic Bremsstrahlung effect
(out of the context of radiative corrections discussed here)
when many beam electrons lose energy can be simulated
in real targets. Recoil effects [25] might be also a rel-
evant issue on these scattering processes. Nevertheless,
these effects have been neglected in the present calcula-
tions since they can be corrected in the simulations of the
experimental data. The same applies for other issues such
as the real thickness of the target.

On the other side, the numerical accuracy and method
discrepancies in the presented results have been checked
by comparing with other available codes [26] finding that
it is within the 0.1% accuracy. Taking into account all the
previous considerations, the theoretical calculations pre-
sented here might be used for the calibration of a Mott
polarimeter to an accuracy of 0.5% in the region of inter-
est. The main theoretical error is coming from the effect
of radiative corrections.

10 T 7 T T
5 0201y |
e — - E
10-18 \b 0.15 E - f’o)int l\?u?:leus—(DF) 7
) £ 0.10f - Pointnucleus -Noe™ .
1020k "o o.osh Pa————

060 120 180
0 (deg)

do 1 dQ (cm” / srad)

 '®Ag @ 5 MeVv

-26F
W0 -o"-FaDF
0 40 80 120 160
0 (deg)
L YT
= — (F)-Noe 1 3
610_18- \00-30' - Lgintl\?uileus—(DF) E
g I “QAOZO“ - Pointnucleus-Noef;é .
2 102k KT S
s I L0001 ¢
22f
c10°°F 0 60 120 1801
“E I 0 (deg) .
b . -24F 197 k
<10 Au @ 5 MeV
oo -F&DE L N
0 40 80 120 160
0 (deg)

Fig. 6: (Colour online) Elastic differential cross-section as a
function of the scattering angle for 5 MeV electrons by '°°Ag
(upper panel) and **”Au (lower panel). In the inset, the rel-
ative change of the same quantity adopting different approxi-
mations and with respect the full calculation is displayed.

Results. — In this section, some of the results obtained
from calculations of the DCS and Sherman function in
elastic scattering of few MeV electrons by '°?Ag and
197Au are presented. First of all different test calcula-
tions described in the previous section are shown. In fig. 5
the elastic DCS (upper panel) and the Sherman function
(lower panel) as a function of the scattering angle for 3, 5
and 8 MeV electrons by '"9Ag are displayed. The results
correspond to calculations where all ingredients have been
included —except for the vacuum polarization corrections;
F means that the Fermi function is used to model the nu-
clear charge distribution; and the label DF indicates that
the screening of the nuclear charge by the atomic electrons
is included. The DCS decreases with energy. In the insets,
we show the relative change of the same quantities with
respect to the case in which the presence of atomic elec-
trons is neglected, which is a good approximation except
for small angles.

In fig. 6 the elastic differential cross-section as a func-
tion of the scattering angle for 5 MeV electrons and 0?Ag
(upper panel) and °7Au (lower panel) targets are shown.
The results correspond to calculations where all potential

33002-p5
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Fig. 7: (Colour online) Relative changes of the Sherman func-
tion due to the different approximations with respect to the
full calculation are displayed. See text for details.

components described in the previous section have been in-
cluded —except for the vacuum polarization corrections.
In the inset, the relative change of the same quantity
adopting different approximations and with respect the
full calculation is displayed: neglecting atomic electrons
(red); assuming a point-like nucleus (blue); and adopting
the last two approximations (green). It is clear from the
inset, that neglecting the finite size of the nucleus may
produce errors of a few tens of a percent in the DCS. It
is also evident that the effect of atomic electrons is much
less relevant.

In fig. 7 we show the relative change of the Sherman
function dependence on the scattering angle for 5MeV
electrons and 1%Ag (left panel) and °7Au (right panel)
targets: assuming a point-like nucleus with (double-
dot—dashed line) and without (double-dash—dotted line)
accounting for the presence of atomic electrons; and ne-
glecting atomic electrons and assuming different models
describing the finite size of the nuclear charge distribu-
tion: Fermi model (full line), Helm model (dashed line)
and SCMF (dash-dotted line) named G2 [27]3. Similar
results to those obtained for the DCS are also found here.
While the effect of accounting or not for the presence of
atomic electrons is almost irrelevant for our purposes, the
finite size of the nucleus may produce a change on the
Sherman function of few %.

Conclusions. — Calculations presented here are realis-
tic within a 0.5% in the Sherman function for the kinemat-
ical conditions and targets of interest. The main source of
theoretical uncertainties come from radiative corrections
which have been shown experimentally to produce about
a 0.5% discrepancy in the Sherman function [24]. Experi-
ments at different energies and for different nuclei (Z) may
help understanding the effect of radiative corrections and
foster further theoretical studies.

3The latter two cases only shown for 199Ag since the same situ-
ation is found for 197 Au.
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